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Bajaj), daviesp@purdue.edu (P. Davies).Many engineering materials and foundations such as soils demonstrate nonlinear and viscoelastic behav-
iour. Yet, it is challenging to develop static and dynamic models of systems that include these materials
and are able to predict the behaviour over a wide range of loading conditions. This research is focused on
a speciﬁc example: a pinned–pinned beam interacting with polyurethane foam foundation. Two cases,
when the foundation can react in tension and compression as well as only in compression, are considered.
The model developed here is capable of predicting the response to static as well as dynamic forces,
whether concentrated or distributed. Galerkin’s method is used to derive modal amplitude equations.
In the tensionless foundation case, the contact region changes with beam motion and the estimation
of the co-ordinates of the lift-off points is embedded into the solution procedure. An efﬁcient solution
technique is proposed that is capable of handling cases where there are multiple contact and non-contact
regions. Depending on the loading proﬁles a high number of modes may need to be included in the solu-
tion and to speed up computation time, a convolution method is used to evaluate the integral terms in
the model. The adaptability of the solution scheme to complicated loading patterns is demonstrated
via examples. The solution approach proposed is applicable to dynamic loadings as well and in these
cases the automated treatment of complicated response patterns makes the convolution approach partic-
ularly attractive. The inﬂuence of various parameters on the static response is discussed.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Materials such as ﬂexible polyurethane foam used for cushion-
ing in the furniture and automotive industries (White et al., 2000),
building soils (Gajan et al., 2010) and biological materials such as
muscle tissue (Pioletti and Rakotomanana, 2000), all exhibit highly
nonlinear and viscoelastic behaviour. To design systems that incor-
porate these materials as support structures, it is necessary to be
able to understand and predict the static and dynamic behaviour
of these systems. If the viscoelastic material and supported struc-
ture have signiﬁcantly different stiffness and inertial characteris-
tics, one may model the combined system as a structure on a
viscoelastic foundation. Thus the focus of this work is on under-
standing the response of a beam on a viscoelastic foundation.
While this is one of the simplest type of systems of interest, loss
of contact between the structure and the foundation makes this
a challenging problem to solve.
Previous work in this area can be classiﬁed into three broad
categories based on: (I) beam models (e.g., Euler–Bernoulli beam
or Timoshenko beam, (Ruge and Birk, 2007)) and foundationll rights reserved.
x: +1 (765) 494 0787.
rolu), bajaj@purdue.edu (A.K.models (e.g., single or two-parameter models, (Dutta and Roy,
2002)), (II) beam-foundation interaction models (e.g., bilateral
or unilateral) and (III) the type of response studied (e.g., response
to static or dynamic or moving loads and different boundary
conditions).
A Winkler foundation, in which the supporting medium is taken
into account as a system of inﬁnitesimally close springs, producing
forces that are functions of the beam displacement, is the simplest
and most often adopted model. It assumes that the foundation ap-
plies only a reaction force normal to the beam’s undeformed posi-
tion and that the reaction force is proportional to the beam
deﬂection (Hetenyi, 1946; Timoshenko and Gere, 1961). These
types of models are often referred to as one-parameter models.
However, several two parameter models like those developed by
Filonenko–Borodich, Pasternak, Kerr, Vlasov and Leontev have also
been studied (Kerr, 1964; Dutta and Roy, 2002). The choice of beam
model depends on the problem being studied. For example, while
at low frequencies both the Euler–Bernoulli and Timoshenko beam
models on a Winkler type elastic foundation give similar results, at
higher frequencies the latter model tends to be more accurate
(Ruge and Birk, 2007). Because the beam being considered in the
present work is slender and because the applications of our inter-
est fall into the low frequency region (0–100 Hz), Euler–Bernoulli
beam model is chosen.
Fig. 1. Illustration of force in the foundation Ff ðwÞ, where w is the deﬂection for: (a)
linear bilateral foundation, (b) linear unilateral foundation, (c) nonlinear bilateral
foundation, and (d) nonlinear unilateral foundation. Foundation force Ff ðwÞ ¼ K1w
+K3w3, where K1 and K3 are the foundation stiffness parameters. In cases (a) and (b)
K3 ¼ 0, and in cases (b) and (d), Ff ðwÞ ¼ 0 for w > 0.
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Winkler or Pasternak variety for the foundation, or being Euler–
Bernoulli or Timoshenko model for the beam) allows for both com-
pressive and tensile stresses to exist across the interface between
the beam and foundation (bilateral foundation). If a downward
transverse load is applied to a beam resting on such foundation,
the beam will be compressed into the foundation. If the direction
of the load is reversed, the beam and the foundation are pulled
up, creating a tension in the foundation. With railroad tracks on
the soil foundation being one of the primary motivations, the static
and dynamic behaviour of inﬁnite beams on elastic and viscoelastic
foundations has been studied by a number of investigators. Kar-
garnovin et al. (2005) studied the response of inﬁnite beams sup-
ported by nonlinear viscoelastic foundation subjected to
harmonic moving loads, by solving the governing equations using
perturbation method in conjunction with complex Fourier trans-
formation. Younesian et al. (2006) studied the vibration response
of a Timoshenko beam supported by a viscoelastic foundation with
randomly distributed parameters along the beam length and sub-
jected to a harmonic moving load by employing appropriate
Green’s functions. In most of these works the beam was assumed
to be inﬁnite and so any applied point load is centered on the beam
and all the results emanate from the inherent symmetry of the
problem.
Vibration of a ﬁnite Euler–Bernoulli beam, supported by non-
linear viscoelastic foundation traversed by a moving load was
studied and frequency responses of different harmonics, local sta-
bility and internal-external resonance conditions were examined
by Ansari et al. (2010). Chaotic dynamics of a ﬁnite beam on Win-
kler type soil (Lenci and Tarantino, 1996) and the nonlinear dy-
namic behaviour and instabilities of a beam under harmonic
forcing (Santee and Gonzalves, 2006) are some examples of the
large body of research on ﬁnite beams on bilateral foundations re-
ported in the literature. However, in many of applications adhesion
between the beam and the foundation is not assured and so an
assumption of bilateral behaviour (compression and stretching of
the foundation) is not appropriate. For example, in cushioning
applications (seat-occupant systems) or even in railroad structures
for that matter, the foundation cannot really react in tension. It has
been shown that the phenomenon of lift-off is important as a trig-
gering mechanism for railroad track buckling due to constrained
thermal expansion (Kish et al., 1984). Therefore, for such applica-
tions, a more appropriate model would include a foundation which
reacts to compressive forces but cannot react in tension. Such a
foundation, described as one-way, tensionless or a unilateral, is the
primary focus of the present work.
The study of response of beams supported by a tensionless
foundation is complicated by the need to determine the contact re-
gion. Perhaps, it is because of this mathematical difﬁculty that the
static and dynamic responses of a beam on a tensionless founda-
tion have received only limited attention. In the earliest work re-
ported in the literature on this class of problems, the static
behaviour of inﬁnite beams resting on tensionless foundations
was studied (Tsai and Westmann, 1967; Weitsman, 1970). Investi-
gations of an inﬁnite beam on a tensionless foundation under a
moving load were carried out in order to determine the conditions
under which separation would occur (Weitsman, 1971) and also
the location, magnitude and extent of the lift-off regions (Choros
and Adams, 1979). Again, as mentioned before, the concept of hav-
ing to deal with inﬁnite beams introduces unavoidable symmetry
in the problem, which actually makes the solution relatively
simpler.
Studies on the behaviour of ﬁnite and semi-inﬁnite beams on
tensionless foundations do appear in the literature. For ﬁnite
beams, one of two approaches are typically adopted in these stud-
ies. In the ﬁrst approach, referred to here as Method A, the localboundary conditions are applied while ensuring continuity in the
regions of contact and non-contact between the beam and the
foundation. Equations are solved giving exact solution when the
foundation is assumed to have linear elastic properties. In the sec-
ond approach, referred to here as Method B, the global boundary
conditions are applied and contact functions are deﬁned based
on the solution. In this case the solution is approximated by using
Galerkin/Ritz methods.
In Method A, there are multiple governing equations deﬁning
the behaviour of each section of the beam and the form of these
equations change depending on whether the beam is in contact
or not. In addition, the equations for each section are constrained
to meet the section-speciﬁc boundary and continuity conditions.
Using this method, Zhang and Murphy (2004) studied the static re-
sponse under symmetric and asymmetric loads. Silveira et al.
(2008) developed a semi-analytical methodology, using a Ritz-type
approach, to study the elastic equilibria and instability in beams,
columns and arches resting on a tensionless Winkler-type elastic
foundation. Though static and dynamic behaviour of ﬁnite or
semi-inﬁnite beams resting on a tensionless Winkler foundation
have been studied under a variety of loading and boundary condi-
tions (Celep et al., 1989; Raju and Rao, 1993; Coskun and Engin,
1999; Lancioni and Lenci, 2007, 2010), there has been little re-
search done on the nonlinear behaviour of beams or plates on non-
linear elastic foundations. Most of these studies are focused on
applications like that of railroad tracks on soil foundation, and
damping is typically given little or no consideration. In the applica-
tions of interest here, damping cannot be neglected since we are
dealing with structures interacting with viscoelastic materials.
While in future, hereditary-type viscoelastic models will be in-
cluded in the analysis, as a ﬁrst step, here the viscoelasticity of
the foundation is modelled as velocity proportional damping.
In spite of this simple model of damping, this is a challenging
problem to study because of the potential of having only partial
contact and the contact region changing as the beam vibrates. Even
with linear foundation models, when there is partial contact the
problem is nonlinear. The four cases illustrated in Fig. 1 are for:
Fig. 2. Force displacement curve of 7.47 cm ﬂexible polyurethane foam cube, from a
2.49 min quasi-static uniaxial compression test. Experimental data ( ).
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both in tension and compression (see Fig. 1(a)), (2) a unilateral lin-
ear foundation with a constant stiffness in compression, which can
be modelled as a bilateral foundation with the nonlinear stiffness
characteristic illustrated in Fig. 1(b), (3) a similar case to (1), but
with a cubic nonlinear stiffness in tension and compression as
shown in Fig. 1(c) and lastly, (4) a similar case to (2), but with a cu-
bic nonlinear stiffness in compression as shown in Fig. 1(d). From
Fig. 1(b) it can be seen that the problem is nonlinear even though
the material is linear. Also, when the beam is oscillating the con-
tact regions of the beam with the foundation for the unilateral
cases (2) and (4) are continuously changing. In the next section,
this unilateral behaviour is modelled through use of an auxiliary
contact function HðwÞ, where wðx; tÞ is the beam deﬂection, x is
the position on the beam along its length direction, and t is the
time.
Investigators that used the Method A solution procedure (Zhang
and Murphy, 2004; Coskun and Engin, 1999; Silveira et al., 2008)
dealt with simple loads giving rise to one or two contact regions
at the most. With Method A, as the number of contact and non-
contact regions increase, the number of governing differential
equations increase each with their own set of local boundary con-
ditions and continuity equations. If the loads are dynamic, the con-
tact region will change differently in every cycle making Method A
very difﬁcult to apply. Thus, Method B was chosen as the solution
procedure in this research. The technique is enhanced so that it can
automatically handle multiple changing contact regions and com-
plicated static loads. While responses to static loading is described
in this paper, the approach can also be used to ﬁnd solutions when
dynamic loads are applied.
The example under consideration in this work is a pinned–pin-
ned beam resting on viscoelastic, nonlinear and tensionless foun-
dation. The problem is formulated to study the response
behaviour of the beam when subject to axial static load and trans-
verse static and dynamic loads. Galerkin’s method using linear
modal basis functions is employed to derive the modal amplitude
equations. These equations also involve the co-ordinates of the un-
known lift-off points which are to be determined as a part of the
solution procedure. The modal amplitude equations are solved by
using a Newton–Raphson technique and lift-off points are obtained
from the mode shape predicted at each stage of the iteration. The
zero locations of the mode shape are determined by using a bisec-
tion method which was found to be more reliable than other root
solving methods. Method B has some limitations, but, they are con-
trollable to some extent. The primary limitation of Method B comes
from having to deal with the high number of modes that need to be
included in the solution to reach the required accuracy, for some
types of loading. As the number of modes increase, determining
the results of the integration in the intermediate steps of the solu-
tion procedure become computationally expensive. This issue is
circumvented by expressing the mode shapes in the complex expo-
nential form and expanding products in the integrands as a sum of
complex exponentials. The results of the multiplication are evalu-
ated by convolving the coefﬁcient vectors associated with the
terms being multiplied. Another challenge is deﬁning the contact
function dynamically as the estimates of the modal amplitudes
converge to the ﬁnal solution. Within each iteration the current
estimate of the beam deﬂection is used to determine the number
of contact and non-contact regions and the approximate location
of lift-off points that deﬁne the edges of those regions. The bisec-
tion method was found to be the most reliable method for deter-
mining the location of the lift-off points to a required accuracy
with in each iteration. In every iteration towards the ﬁnal solution,
the lift-off points are updated enabling the algorithm to handle
multiple contact and non-contact regions that may exist under var-
ious static and dynamic loading scenarios. In the rest of this paperthe modelling and solution approach are described in detail and
some illustrative examples for various static loading conditions
are given.2. Modelling of the beam on a viscoelastic foundation
For the ﬂexible polyurethane foam used for cushioning in car
seats, the elastic modulus changes with the amount of compres-
sion in the material (White et al., 2000). In Fig. 2 is shown a typical
measurement of car seat foam when it is quasi-statically loaded in
compression and then unloaded. Nonlinearity and hysteresis are
the two characteristics of foam immediately evident from the
force–deﬂection curve. The three distinct compression regions
identiﬁed in Fig. 2 correspond to three different compression
mechanisms (White et al., 2000). Readers are referred to Leenslag
et al. (1997) and Cavender (1993) for more details on foam behav-
iour. In region I, the struts that comprise of the foam cell walls
bend elastically under the action of compressive load and the static
stiffness (or the tangent to the curve) remains approximately con-
stant. Towards the end of this region and the beginning of region II,
the struts enter a buckling phase. Therefore in region II, they easily
bend with a very slight increase in load. In this region, the material
is softer as indicated by the tangent stiffness. Lastly in region III, a
sharp increase in local stiffness is observed as a result of compac-
tion or densiﬁcation of the material.
In this paper, the initial compression behaviour (0–20%) of foam
in region I and beginning of region II is modelled as a cubic polyno-
mial. However, note that the modelling approach or the solution
technique proposed can be extended for higher order polynomial
nonlinearities, which also model the foam behaviour at higher
compression rates. Here, damping is assumed to be composed of
two parts: the damping force due to the velocity proportional dis-
sipative elements, and the damping force due to foundation. White
et al. (2000) and others have included a viscoelastic term to ac-
count for the memory of the foam. It is typically a convolution of
hereditary kernel and the strain, strain rate or elastic stress (Azizi
et al., 2012). It is possible to incorporate these more complex mod-
els into the modelling and solution technique described in this pa-
per. Even though damping does not play any role in studying the
static response, the modelling approach described below sets the
stage for a more general problem when loads can be dynamic.
A homogeneous pinned–pinned beam of length 2L on a Winkler
type non-linear, viscoelastic and unilateral foundation is consid-
ered as illustrated in Fig. 3. While in the illustration concentrated
loads are applied at x ¼ 0 (F0 þ FtðtÞ), x ¼ L=2 (F1) and x ¼ þL=2
(F2), and there is an axial load (p), the model can account for
Fig. 3. Schematic of a pinned–pinned beam on a nonlinear tensionless viscoelastic foundation illustrating the parameters and terminology.
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ial (p) and static or dynamic loads. xi denotes the location of a con-
centrated load. The foundation is assumed to be non-linear with
force in the form: Ff ðwÞ ¼ K1wðx; tÞ + K3w3ðx; tÞ, where wðx; tÞ is
the deﬂection of the beam and K1 and K3 are the foundation stiff-
ness parameters. Cow;t is the damping force due to the velocity pro-
portional dissipative elements, and Cfw;t describes the damping
force due to foundation. w;t is the time derivative of wðx; tÞ. The
damping force due to foundation, Cfw;t and Ff ðwÞ act only where
the beam and foundation interact with each other. By using Ham-
ilton’s principle and employing Euler–Bernoulli beam theory, the
equation of motion can be derived as:
EIw;xxxx þ Pw;xx þ qAw;tt þ Cow;t
þ Cf w;s þ K1wþ K3w3
 
HðwÞ
¼ Gðx; tÞ þ ½FtðtÞ þ F0dðxÞ þ
X
i
Fi dðx xiÞ: ð1Þ
Here d is the Dirac delta function and HðwÞ, an auxiliary contact
function is deﬁned as:
HðwÞ ¼ 1 when wðx; tÞ 6 0;
0 when wðx; tÞ > 0:

ð2Þ
Ki0 are the lift-off points deﬁned by wðx; tÞ ¼ 0 corresponds to lift-off
points of the beam at any time t. There can be multiple lift-off points
along the length based on the deﬂection shape. If Ki0 and K
iþ1
0 are
the co-ordinates of the lift-off points of kth contact region
½CRk : wðx; tÞ 6 0; Ki0 < x < Kiþ10 , then the contact length of LCRk is
deﬁned as LCRk ¼ jKiþ10 Ki0j. Introducing the non-dimensional
parameters,
w^ ¼ w
L
; n ¼ x
L
; ð3Þ
k1 ¼ K1L
4
EI
; k3 ¼ K3L
6
EI
;
co ¼ Co L
5
EIqA
 !1
2
; cf ¼ Cf L
5
EIqA
 !1
2
;
s ¼ t qAL
4
EI
 !12
; xs ¼ xt qAL
4
EI
 !1
2
;
fsðsÞ ¼ FtðtÞL
3
EI
; f i ¼
FiL
3
EI
;
gðn; sÞ ¼ Gðx; tÞL
3
EI
; p ¼ PL
2
EI
;
Eq. (1) can be reduced to:w;nnnn þ pw;nn þw;ss þ cow;s þ cf w;s þ k1w þ k3w3
 
HðwÞ
¼ gðn; sÞ þ ½fsðsÞ þ f0dðnÞ þ
X
i
fi dðn niÞ: ð4Þ
For convenience, the hat on w^ is dropped in the above equation and
in the subsequent discussion. The corresponding contact function is
deﬁned as:
HðwÞ ¼ 1 when wðn; sÞ 6 0;
0 when wðn; sÞ > 0;

ð5Þ
with solutions to wðn; sÞ ¼ 0 deﬁning the ki0, the lift-off points of the
beam at any time s. The contact length of CRk (where
CRk : wðn; sÞ 6 0; ki0 < n < kiþ10 ) in nondimensional form is then de-
ﬁned as, lCRk ¼ jkiþ10  ki0j. Also, here fsðsÞ ¼ fs sinð2pXsÞ is the har-
monic excitation acting at the center of the beam. Note that the
bilateral case, when the foundation reacts both in tension and com-
pression, is obtained by setting HðwÞ ¼ 1 throughout the length of
the beam.
An approximate solution of the form,
wðn; sÞ ¼
XN
n¼1
NnðnÞTnðsÞ ð6Þ
is assumed where N is the total number of modes considered, Tn
are the time dependent parts of the solution or the modal ampli-
tudes, and NnðnÞ ¼ sinðnpð1þ nÞ=2Þ are the free vibration mode
functions of a pinned–pinned beam obtained by solving the
boundary value problem. These mode functions are orthogonal
to each other in the interval [1,1]. Using these and employing
Galerkin’s method, N equations can be derived and expressed in
matrix form as:
I €Tþ C _Tþ BT ¼ F Q ð7Þ
where I is an N  N identity matrix, and C and B are N  N symmet-
ric damping and stiffness matrices, respectively. F is the load vector
and Q is a vector that represents the effect of nonlinearity. T =
½T1; T2; T3; . . . ; TNT are the modal amplitudes and ð _Þ  dds is the
derivative with respect to non-dimensional time. The elements of
C; B; Q and F are:
Cms ¼ co dms þ cf
Z þ1
1
NmðnÞNsðnÞHðwÞdn; ð8Þ
Bms ¼ m
4p4
16
m
2p2
4
p
 
dms þ k1
Z þ1
1
NmðnÞNsðnÞHðwÞdn;
Qs ¼ k3
Z þ1
1
XN
m¼1
XN
n¼1
XN
p¼1
NmðnÞ NnðnÞNpðnÞNsðnÞTmðsÞTnðsÞTpðsÞHðwÞdn;
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þ
Z þ1
1
gðn; sÞNsðnÞdn;
where dms is the Kronecker delta, where m ¼ 1;2; . . . ;N; s ¼
1;2; . . . ;N, and EI is the ﬂexural rigidity of the beam. Note that
the vector Q ¼ Q ðT; sÞ is a function of the modal amplitudes as well.
This function along with the matrix B depends on the contact and
non-contact regions of the foundation as speciﬁed by the function
HðwÞ in Eq. (5).Fig. 4. Iterations from initial guess to ﬁnal static solution. K1 = 42;500 N m2,
F1 ¼ 15 N, x1 ¼ 0:3L, F0 ¼ 18 N, x0 ¼ 0L, F2 ¼ 10 N, x2 ¼ 0:5L. Iteration num-
bers are indicated in the box (e.g., , , . . .). The blue-thick ( ) and green-
dashed ( ) shapes are iterations starting from two different intial guesses
leading to the same ﬁnal solution (darker the colour, closer is the iteration to the
solution); lift-off points in each iteration are shown as circles; zero load equilibrium
( ). (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)3. Solution procedure for the static response
For the static case with a constant load, T is constant in Eq. (7)
and the steady state solution can be obtained from the expression:
T ¼ B1ðF Q Þ: ð9Þ
However, note that the right hand side is also unknown due to the
vector Q which depends on nonlinearity in the foundation as well
as on the unknown lift-off points and the corresponding contact
lengths. Matrix B similarly, is unknown because of the unknown
contact regions.
The solution methodology developed in this section is applica-
ble for both linear or nonlinear foundation models. Because the
contact length is not known a priori and because the foundation re-
acts only in compression and not in tension, even for the case when
the foundation is linear, the problem is nonlinear and the solution
is sought by using an iterative scheme. The initial guess to this
scheme is an arbitrary deﬂection shape, deﬁned by T0 which by
using Eq. (6) gives a corresponding approximation to the deﬂection
of the beam, ~wðnÞ. ð~Þ denotes an approximation to the solution.
The lift-off points for such initial guess are obtained by solving
the nonlinear transcendental equation ~wðnÞ ¼ 0. First, ~wðnÞ is eval-
uated for a range of values of n to ﬁnd approximate locations of the
lift-off points based on the change of sign in ~wðnÞ. The estimates
are then reﬁned employing the bisection method. The lift-off
points ~k0 ¼ ½~k10; ~k20; ~k30; . . . obtained are used to evaluate the matri-
ces B and Q (Eq. (8)). With the updated matrices and the initial
guess vector T0, the N nonlinear equations for the modal ampli-
tudes in Eq. (9) are solved using a Newton–Raphson iterative tech-
nique. The new estimates of the modal amplitudes T are used to
ﬁnd and reﬁne the locations of the lift-off points by the bisection
method. These iterations are carried out until the prescribed toler-
ance is achieved on the function value BT Fþ Q , which should be
0 for the exact solution (T; k0).
In the Newton–Raphson iterations, a numerical Jacobian com-
puted by ﬁnite differences is used to converge to the solution as
opposed to a closed-form Jacobian. Finding the slope of Eq. (9) in
closed-form is not possible because of the lack of knowledge in
the contact behaviour, unless some information about the number
of contact and non-contact regions is deduced from loading. For
simple loading conditions reasoning a possible deﬂection shape
and there by the number of contact and non-contact regions is
achievable. In such cases, a closed-form Jacobian can be realised
for computational efﬁciency. However, the current implementa-
tion of a numerical Jacobian is not to be perceived as a shortcom-
ing. If the step-size between two consecutive iterations is as low as
105, the results obtained a numerical Jacobian are accurate. Be-
sides, for complex loading conditions that arise in a broader spec-
trum of practical applications, especially when the loads are
dynamic, lack of initial knowledge of the contact behaviour is inev-
itable. The objective of this paper is to present a solution method
precisely to such complex situations. In the current scheme, there
is no restriction on the type or number of loads or on the number of
contact regions unlike the previous works in this area adapting acase-by-case basis according to the possible deﬂection shape (for
e.g., see Silveira et al., 2008; Zhang and Murphy, 2004; Coskun
and Engin, 1999; Celep et al., 1989). The approach introduced in
this paper is more general and is valid for more complicated cases
of loading with multiple contact regions.
As will be seen in the subsequent sections, the number of con-
tact regions, the relative foundation-beam stiffness and the type of
loading largely effect the convergence of the solution. In such situ-
ations, it is desirable to increase the number of modes included in
the solution, and study and compare the differences arising in con-
vergence. Also, the solution technique must be capable of automat-
ically accommodating for multiple and changing lift-off regions.
Note that, if one wants to understand the response to dynamic
loading, all the issues mentioned before have to be addressed in
every time-step, while simultaneously reducing the computational
time until the response reaches steady state. Evaluating the inte-
grals in Eq. (8) is by far the most computationally involving steps
of this approach with respect to the challenges described. To ad-
dress this, a technique is proposed to compute these integrals by
expanding the integrand as a product of sum of complex exponen-
tials (see Appendix A). The coefﬁcients of the resulting product can
be determined by convolving the coefﬁcients of the two individual
complex harmonic series being multiplied together. Multiple suc-
cessive convolutions can be used for higher order terms. In contrast
to restricting to a particular defection shape, conventionally sim-
plifying the integrands and calculating the integrals, the proposed
approach cannot only handle a high number of modes and multiple
contact regions, but also results in a huge reduction in computa-
tional time, thus setting a stage to study the response to dynamic
loads as well.
An example shown in Fig. 4 illustrates the manner how a deﬂec-
tion shape given as an initial guess (blue-thick or green-dashed
lines) evolves to the ﬁnal solution. The inputs to the solution pro-
cedure are an initial guess, the number of modes to be included in
the solution, the system parameters and the loading. The solution
scheme updates the number of lift-off points and hence the contact
regions in every iteration while converging to the ﬁnal equilibrium
shape. If the norm of the difference between the modal amplitudes
(Ti) in two consecutive iterations is less than 10
9 mm, then the
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of the examples in this paper is a vector of normally distributed
random sequence with zero mean and unit standard deviation.
Within ﬁfty simulations of each case considered, it is observed that
the solution converges from such an initial guess, if the linear stiff-
ness K1 of the unilateral foundation is below 10
7 N m2. For a non-
linear foundation, the solution did not always converge from such
an initial guess if K3 > 10
6K1, where K1 > 40;000 N m2. However,
the solution converged seven out of ten times when the linear
solution with K3 ¼ 0 was an initial guess to the nonlinear problem
(K3 – 0).Fig. 5. Static deﬂection shape for a load F1 ¼ 15 N applied at x1 ¼ 0:9L. 5-mode
approximation ( ) through 20-mode approximation ( ) are compared.
Inset ﬁgures show the contrasting ways in which the modal approximations
converge at two different locations along the length of the beam. Zero load
equilibrium position is shown by ( ).4. Simulation and discussion
While the subsequent examples (also the one in Fig. 4), consider
a 300 mm 25.4 mm  1 mm pinned–pinned aluminium
(E = 70 GPa) beam, the modelling presented in Section 2 is not lim-
ited to these examples but is more general and widely applicable.
The stiffness value of the foundation in most of the examples is ob-
tained from 2.53 min quasi-static compression test data of
76.2 mm polyurethane foam cube (Deshmukh, 2010). A linear
approximation of the elastic curve at various pre-compression lev-
els is used. For example, K1 = 42,500 N m2 corresponds to the
stiffness of some polyurethane foams close to zero percent com-
pression. While these stiffness values are typical of car seat foams
at low compressions, the CONFOR foams primarily used in impact
absorption can be 5–10 times stiffer and the stiffness of both types
of foams at high compressions can be signiﬁcantly bigger than that
at low compressions. Also, if not mentioned speciﬁcally, the foun-
dation is assumed to be tensionless. (a)
(b)
Fig. 6. Illustrations of the convergence behaviour of the solution with increasing
number of modes as the point of application of load F1 ¼ 15 N is changed between
x1 ¼ 0:9L ( ) to 0L ( ) for a foundation stiffness of (a) K1 ¼ 42;500 N m2,
(b) K1 ¼ 212;500 N m2. Inset ﬁgures show a zoomed-in view of the plot between
N ¼ 15 to 20 modes.4.1. Effect of number of modes N
An exact solution is obtained by considering a very large num-
ber (theoretically inﬁnite!) of modes. However, practically, as
shown in Eq. (6), the solution is approximated as a sum of ﬁnite
number of modes. But how many number of modes can be consid-
ered enough? In this section, an attempt is made to answer this
question by studying the effect of number of modes on the conver-
gence of the static solution.
For example, in Fig. 5, the static deﬂection shapes of a beam on a
unilateral foundation of stiffness K1 ¼ 42;500 N m2 are shown. A
concentrated load F1 ¼ 15 N is applied at x1 ¼ 0:9L. First, ﬁve
modes are considered in the solution and the solution shown as
the lightest-blue curve. Gradually, the number of modes consid-
ered is increased through twenty (seen as darkest-blue) and all
the solutions are superposed on the same ﬁgure.
Note that while the solution seemed to converge as the number
of modes is increased, there are signiﬁcant disparities in the way
the solution converged at different locations along the length of
the beam (see the inset ﬁgures). Hence, instead of choosing the
deﬂection at an arbitrary point as a norm to decide about conver-
gence, a supremum norm between two consecutive modal approx-
imations is used. That is, the maximum difference between an Nth
mode and ðN  1Þth mode approximations is used as a norm.When
this difference is at least less than three orders of magnitude of
maximum deﬂection in the static response, the solution is said to
be converged with respect to the number of modes.
It is also important to investigate how the solution is affected by
the type of loading. For this reason, the load F1 ¼ 15 N applied at
x1 ¼ 0:9L is now gradually moved in steps of 0:1L towards the
middle of the beam, thereby changing the asymmetric loading to
a symmetric one. The convergence of solution as a function of
number of modes in the solution is illustrated in Fig. 6 for two dif-
ferent foundation stiffness values, and the converged deﬂectionshapes are shown in Fig. 7. Clearly, from Fig. 6 and the insets,
twenty modes are sufﬁcient for all the cases of loading considered.
Note that there is no particular trend to compare one curve with
another because depending on the location of the applied load,
some modes participate and some modes do not. But, overall one
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high. The maximum change is 0.04% of the maximum deﬂection
for the softer foundation and is 0.07% for the stiffer foundation.
The static deﬂection shapes plotted in Fig. 7 are therefore
twenty-mode approximations. In Fig. 7(a), one lift-off point is seen
if the load is applied anywhere in the ﬁrst quarter of the beam’s
length from the left end. However, if 0:5L < x1 < 0, there is no
lift-off of the beam. Also, the highly asymmetric nature of the
deﬂection shape when the load is nearer to the left-end becomes
symmetric when the load is at the center, as expected. This can also
be seen from Fig. 7(a), – the even modes do not participate for the
darkest blue curve corresponding to the load being applied at the
center of the beam.
A similar example for higher foundation stiffness is shown in
Figs. 6(b) and 7(b). The foundation stiffness considered is ﬁve times
higher than the previous value (K1 ¼ 212;500 N m2) to approxi-
mately represent the behaviour of stiffer foams used in impact
absorption applications. Even in this case, twenty modes are sufﬁ-
cient for convergence. Because of higher stiffness, however, not
only are the deﬂections lower in magnitude, but also the ratio of
positive deﬂections to negative is relatively higher than in the pre-
vious example. This is due to the fact that the foundation offers a
greater resistance and beam is more free to move upwards than
downwards. Another noticeable difference is in the lift-off behav-
iour. As the location where the load is applied is changed from(a)
(b)
Fig. 7. Converged deﬂection shapes with 20-mode approximation as the point of
application of load F1 ¼ 15 N is changed between x1 =0:9L (( ) to 0L ( ).
(a) K1 ¼ 42;500 N m2, (b) K1 ¼ 212;500 N m2. Inset in Fig. 7(b) is zoomed-in
view of the deﬂection shapes corresponding to x1 ¼ 0:2L;0:1L and 0L indicating
two lift-off points ( ) for the last case.x1 ¼ 0:9L to x1 ¼ 0L, the number of lift-off points is changed from
one to two. The two lift-off points are symmetric with respect to
zero when x1 = 0L. This phenomenon is shown in the inset in
Fig. 7(b).
Thus to summarise, while in both the above examples, consid-
ering twenty modes gave consistent and credible equilibrium
shapes, one must note that the convergence is highly dependent
on the type of loading, relative foundation-beam stiffness
(k1 ¼ K1=ðEI=L4Þ) and the number of lift-off regions. Complex load-
ing situations might give rise to more lift-off regions and hence
would require a higher number of modes to be considered in the
solution. Even though the evaluation of the integrals in Eq. (8) ap-
pears to be difﬁcult with high number of modes and/or lift-off re-
gions, especially if K3 – 0, the current solution technique is quite
efﬁcient and accommodating even in such situations.
4.2. Effect of nonlinearity
As described in Section 1, Fig. 1, even for a linear unilateral
foundation the problem is nonlinear. This is illustrated in more de-
tail in Fig. 8, where N ¼ 20-mode solutions are plotted. In this
example, a concentrated load F0 is applied at the center of the
beam, i.e., at x0 ¼ 0. On a bilateral foundation, as the compressive
load is doubled from F0 ¼ 10 N to F0 ¼ 20 N, the mid-point
deﬂection of the beam is doubled as well. Similarly, if the magni-
tude of the load remained the same but the sign is reversed, so
did the mid-point deﬂection, showing the linear character of the
response on a linear bilateral foundation. However, on a unilateral
foundation, although the deﬂection is doubled when the compres-
sive load is doubled, the change in deﬂection is not proportional to
the change in load when load reverses sign with no change in mag-
nitude. In fact, the static response of the beam on a unilateral foun-
dation in the tensile load case, corresponds to that of a pinned–
pinned beam with no foundation. Because of this, even though
the foundation is linear, the response on a unilateral foundation
is piecewise linear, or nonlinear.
Consider the response when bilateral foundation is nonlinear,
i.e., when K3 – 0. Example responses using a 20-mode solution
for this case are shown in Fig. 9. The parameter values for K1 and
K3 are chosen such that the force–deﬂection curve in Fig. 9 approx-
imately emulates the softening type behaviour of the foam shown
in Fig. 2.
For a linear foundation, as expected, the midpoint deﬂection is
proportional to the applied force. The nonlinear foundationFig. 8. Static deﬂection shapes on a linear foundation: bilateral foundation ( ),
unilateral foundation ( ), no foundation ( ), zero load equilibrium ( ).
The parameters are, K1 ¼ 42500 N m2, x0 ¼ 0; F0 ¼ 10; 20 or 10 N.
Fig. 9. Midpoint on linear ( ) and nonlinear bilateral ( ) foundations.
Beam deﬂection shapes ( ) are shown in the insets along with zero load
equilibrium ( ). Upper left inset – linear foundation, lower right inset –
nonlinear foundation. The parameters are: K1 ¼ 85 N cm2, K3 ¼ 850 N cm4,
x0 ¼ 0.
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load. For low compressive loads the midpoint deﬂection is propor-
tional to applied load similar to the linear foundation case. But
after F0 ¼ 6 N, the foundation gets softer and therefore the beam
deﬂects more even with a slight increase in load. In the nonlinear
foundation case, the deﬂections are higher because of softening
of the foundation.
4.3. Effect of relative foundation-beam stiffness, k1
In Section 4.1, the relative foundation-beam stiffness
(k1 ¼ K1=ðEI=L4Þ) was increased by increasing the foundation stiff-
ness (K1). A similar effect can be achieved by increasing the beam
length. In this section, the effects of increasing the beam length L
and the foundation stiffness (K1) on the deﬂection and contact
behaviour are investigated in different loading scenarios.
As the beam length 2L is increased, the relative foundation-
beam stiffness k1 increases as the fourth power of L. This indicates
physically, that the beam is getting more and more ﬂexible relative
to the foundation of constant stiffness (K1 = 42500 N m2). Fig. 10
shows the contact length and midpoint deﬂection as functions of
beam length. The abscissa can be broadly divided into 3 regions.
In region I, as the beam length increases, the midpoint deﬂection
increases (gets more negative!). This continues until L ¼ 230 mm
starting the region II. Until this length, the deﬂection shape is
ﬁrst-mode predominant.
From L ¼ 230 mm onwards however, the mid-point deﬂection
decreases and increasing curvature of the deﬂection shape indi-
cates participation of higher modes. This phenomenon is illus-
trated in the inset ﬁgures corresponding to regions I and II. In
both the regions, the contact length grows linearly with slope
one. This indicates that the entire beam is in contact with the foun-
dation. This persists until L ¼ 442 mm. Quickly, as the beam length
is increased further, the contact length begins to shrink. This beam
length separating the growing versus shrinking contact lengths is
called critical length (Zhang and Murphy, 2004). In region III, the
contact length and midpoint deﬂection both decrease. For consid-
erably longer beams, the contact length reaches the contact length
for the inﬁnite beam case (Weitsman, 1970; Zhang and Murphy,
2004). It should be noted that the results are consistent with Zhang
and Murphy (2004) and Weitsman (1970) even though Galerkin
method has been used in the current solution procedure as op-
posed to solving the boundary value problems in every region ofcontact and no-contact for exact solutions. It is also veriﬁed that
the contact length is independent of the load while the deﬂection
shape is directly proportional to the load when the foundation is
linear.
The effect of foundation stiffness was brieﬂy seen in Section 4.1
when illustrating the effect of number of modes included in the
solution. In this section, the effect is illustrated with a different
example in a more complicated loading situation. The static re-
sponse of the unilateral case is compared in Fig. 11, with the bilat-
eral and no-foundation cases for two values of foundation stiffness
(K1 = 5000, 50,000 N m2). Consider three loads F1 = 70 N,
F0 = 100 N and F2 = 70 N applied symmetrically along the length
at x1 ¼ 0:5L, x0 ¼ 0L and x2 ¼ 0:5L respectively. Just as with all
the above examples, K3 is set to zero, and so the foundation is lin-
ear. In this case also, following the same routine described in the
Section 4.1, it is observed that 20 modes are enough for the solu-
tion to converge with regards to the number of modes. The static
response of the beam when K1 = 5000 N m2 is shown in
Fig. 11(a). Three cases: (1) when there is no-foundation, (2) when
the foundation reacts both in tension and compression (bilateral),
and (3) when the foundation reacts only in tension (unilateral)
have been compared here. Clearly, for the bilateral case, the posi-
tive deﬂections are lower and the negative deﬂections are higher
when compared to the beam with no-foundation beneath. This
indicates the tensile reaction of foundation on the beam. On the
other hand, for the unilateral case, the beam is free to move up-
wards than downwards. Since the foundation reacts only in com-
pression, it does not allow the beam to penetrate more and the
beam is free to deﬂect in the other direction.
Now consider the same beam with identical loading conditions,
but on a foundation with 10 times higher stiffness
(K1 = 50,000 N m2). As shown in Fig. 11(b), when there is no-foun-
dation, the negative deﬂections of the beam are higher than the
other two cases. However, for the bilateral foundation case, since
the beam has to overcome both tension and compression, the
deﬂections are the lowest. If the foundation is tensionless, the po-
sitive deﬂections are higher than the negative as observed earlier.
Note that while midpoint deﬂection is highest for the no-founda-
tion case and the least for unilateral foundation case, this trend
is not the same everywhere along the length. For example at
x ¼ 0:8L, the deﬂection is least in bilateral foundation case and
highest in unilateral. The midpoint deﬂection as a function of foun-
dation stiffness is plotted in the Fig. 12.
The behaviour observed here is qualitatively consistent with the
results presented by Coskun and Engin (1999) for a free-free beam.
Also, from the slope of both curves it can be seen that the rate at
which the deﬂections increase with increasing stiffness is higher
for softer foundations than for stiffer foundations. The green ar-
rows in the inset ﬁgure show the direction of beam deﬂection. As
the stiffness is increased, the beam moves towards the zero load
equilibrium in the bilateral case as opposed to moving upwards
in the unilateral case.
4.4. Effect of distributed load
The effect of distributed load GðxÞ on the static response is stud-
ied. Note that the term GðxÞ in Eq. (1) can be used to also deﬁne the
uniformly distributed weight of the beam. The static response and
the lift-off behaviour of weightless beam is completely different
from that of a beam with uniformly distributed weight (Weitsman,
1970). In this section a weightless beam is subjected to two types
of distributed loads: antisymmetric sinusoidal and rectangular
loads.
Fig. 13 shows the static response of the beam subjected to rect-
angular and sinusoidal loads for one spatial period. The deﬂections
in Fig. 13(a), corresponding to the rectangular load case, are higher
Fig. 10. Effect of beam length 2L on contact length LCR1 ( ) and mid-point deﬂection wð0Þ ( ) for the beam on unilateral foundation. Inset ﬁgures show the deﬂection
shapes at each of the speciﬁc lengths ( through ), of the three regions marked I–III. Critical Length separates region I and II where full contact occurs, from region III, where
beam is only partially interacting with the foundation. The last stage ( ) of the previous region is reproduced for reference in insets II and III. Further, note that the
abscissae in the inset ﬁgures are nondimensional position. The non-zero parameters used are: K1 ¼ 42;500 N m2, F0 ¼ 15 N, x0 ¼ 0L.
(a)
(b)
Fig. 11. Static response of the beam for a symmetric loading and two different
foundation stiffnesses for no-foundation ( ), bilateral foundation ( ), and
unilateral or tensionless foundation ( ) cases; zero load equilibrium ( ).
The parameters used are: F1 ¼ 70 N, x1 ¼ 0:5L, F0 = 100 N, x0 ¼ 0L, F2 ¼ 70 N,
x2 ¼ 0:5L, (a) K1 ¼ 5000 N m2, (b) K1 ¼ 50;000 N m2.
Fig. 12. Effect of Linear Stiffness K1 on the mid-point deﬂection of the beam on
bilateral ( ) and unilateral ( ) foundations. Inset ﬁgures show how ( )
the deﬂection shapes vary in both cases with increasing stiffness. The non-zero
parameters used are: F1 ¼ 70 N, x1 ¼ 0:5L, F0 = 100 N, x0 ¼ 0L, F2 ¼ 70 N,
x2 ¼ 0:5L.
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due to the anti-symmetric nature of loading in both cases, there is
a zero deﬂection at x ¼ 0 for the bilateral and no-foundation cases.
However, due to the tensionless character of the foundation, the
deﬂections in the unilateral case are more positive compared to
the other two cases.
In the bilateral foundation case of Fig. 13(a), the ﬁrst ﬁve non-
zero Fourier coefﬁcients of the rectangular load GðnÞ shown in
Fig. 13(a), are: b2 ¼ 40=p; b6 ¼ 40=3p; b10 ¼ 40=5p; b14 ¼ 40=7p
and b18 ¼ 40=9p. The ﬁrst ﬁve non-zero modal amplitudes of the
response for this case are: T2 ¼ 1:19538 mm, T6 ¼ 0:01203 mm,
T10 ¼ 0:00095 mm, T14 ¼ 0:00018 mm and T18 ¼ 0:00005 mm.
The response does not change much when higher modes are in-
cluded. Even though the 35 modal amplitudes were non-zero, most
of them were very small compared to T2. For the case shown in
Fig. 13(b), only a harmonic load with amplitude equal to the
non-zero Fourier coefﬁcient, b2 ¼ 40=p is applied, and the
(a)
(b)
Fig. 13. Static response of the beam subjected to distributed load, shown in the
inset, for: no-foundation ( ), bilateral ( ), and unilateral or tensionless
foundation ( ) cases; zero load equilibrium ( ). (a)
GðnÞ ¼ 10 ½Uðnþ 1Þ þ Uðn 1Þ  2UðnÞ, N m1. (b) GðnÞ ¼ ð40=pÞ sinpð1þ nÞ,
N m1. UðnÞ is the unit step function.
Fig. 14. Absolute values of the modal amplitudes jTjj in dB for the unilateral
foundation ( ) case. jTjj for no-foundation () and bilateral foundation ( ) cases
are plotted for comparison. Note that the input force to the system,
GðnÞ ¼ ð40=pÞ sinpð1þ nÞ, excites only 2nd mode (T2) in bilateral and no-founda-
tion cases, where as, excites all the modes in the unilateral foundation case. This
indicates nonlinearity of the unilateral problem.
U. Bhattiprolu et al. / International Journal of Solids and Structures 50 (2013) 2328–2339 2337corresponding modal amplitude response for the bilateral case is
found to be T2 ¼ 1:19538 mmwith Tj ¼ 0; j– 2. This case is differ-
ent from the former in that there are many non-zero modal ampli-
tudes in the response to a rectangular load, although they are
small. Interestingly, as the amplitude of the sinusoidal load is made
equal to the ﬁrst non-zero harmonic (b2) of the rectangular load,
the response to both the loads become very similar as seen in
Figs. 13(a) and (b). Also, the contribution from the higher harmon-
ics of the rectangular load results in slightly higher deﬂections
compared to that for the sinusoidal load.
These characteristics described for the linear no-foundation and
bilateral cases are of course not valid for the unilateral case. Even
for the linear foundation, the unilateral problem is nonlinear. This
phenomenon is evident from the modal amplitudes. For example,
modal amplitudes of the responses are plotted in Fig. 14 for the
three cases when beam is subjected to a sinusoidal load shown in-
set of Fig. 13(b). In the bilateral and no-foundation cases, the input
force being purely sinusoidal, excites only one mode corresponding
to the loading distribution (i.e., 2nd mode, meaning Tj ¼ 0; j– 2).
However, for the unilateral case, all the modes are excited. The ﬁrst
few modes are predominant while the contributions from the
higher modes start to die out.
The same solution algorithm used for all the above examples
can as well be used for more complicated loading situations involv-
ing multiple contact regions as shown in Fig. 15. Here the static re-
sponse of the beam subject to distributed loads varying for threecycles along the length is illustrated. In contrast to the previous
case in Fig. 13, the deﬂections in Fig. 15 are much lower. Speciﬁ-
cally, the differences in the deﬂection between bilateral foundation
and no-foundation case of Fig. 13 become very small for the case
shown in Fig. 15, indicating a negligible effect of foundation. Note
from Eq. (8) that the stiffness of themth mode for a pinned–pinned
beamwith no axial load (p) is Bmm ¼ m4p4=16. The foundation stiff-
ness is kept constant for the two cases, but the modal stiffness of
the beam has increased from B22 ¼ 24p4=16 to B66 ¼ 64p4=16, by
a factor of 81. Therefore, the total response is dominated by the
beam alone, making the bilateral and no-foundation cases look
very similar. In order to observe the pronounced difference be-
tween the bilateral and no-foundation cases, seen in Fig. 13, the
stiffness of the foundation was increased 81 times the previous va-
lue of K1 (42500 N m2). The results are shown in Fig. 16.5. Conclusions
The static responses of a beam on a nonlinear tensionless foun-
dation subjected to concentrated and distributed static loads have
been studied. To account for tensionless character of the founda-
tion, an auxiliary contact function is introduced and the solution
of the model is sought in the form of a sum of modes of the linear
problem. The modal amplitude equations derived involve the co-
ordinates of the unknown lift-off points. Hence, even for a linear
foundation the problem is nonlinear and the solution is obtained
by an iterative technique. The unknown lift-off points, forming a
part of the solution scheme, are obtained by employing bisection
method in every iteration. Also, the solution algorithm is modiﬁed
so that the technique automatically allows for a wider range of sta-
tic or dynamic excitations involving multiple contact regions. Fur-
ther, the complicated integrals required are solved by expressing
the mode shapes in the complex exponential form and expanding
products in the integrands as a sum of complex exponentials. The
results of the multiplication are evaluated by convolving the coef-
ﬁcient vectors associated with the terms being multiplied. Within
each iteration the current estimate of the beam deﬂection is used
to determine the number of contact and non-contact regions and
the approximate location of lift-off points that deﬁne the edges
of those regions. The bisection method was found to be the most
reliable method for determining the location of the lift-off points
to a required accuracy with in each iteration. This solution
(a)
(b)
Fig. 15. Static response of the beam to distributed load, shown in the inset, for: no-
foundation ( ), bilateral ( ), and (3) unilateral or tensionless foundation
( ) cases; zero load equilibrium ( ). (a) Rectangular load:
GðnÞ ¼ 10 ½Uðnþ 1Þ þ Uðn 1Þ þ 2fUðnþ 1=3Þ þ Uðn 1=3Þ  Uðnþ 2=3Þ
Uðn 2=3Þ  UðnÞg, N m1. (b) Sinusoidal load: GðnÞ ¼ ð40=pÞ sin 3pð1þ nÞ,
N m1. UðnÞ is the unit step function.
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than conventionally integrating the expressions as they are. The
adaptability of the current scheme to a variety of loading condi-
tions is demonstrated via examples.Fig. 16. Static response of the beam to distributed load, shown in the inset, for two
cases: (1) no-foundation ( ), (2) bilateral foundation ( ). A distributed
sinusoidal load, GðnÞ ¼ ð40=pÞ sin 3pð1þ nÞ, N m1, is applied to the beam on a
foundation of stiffness K1 ¼ 3;442;500 N m2, which is 81 times stiffer than the
foundation in Fig. 15(b).The effect of various system parameters viz., beam length, linear
foundation stiffness and loads on the static response is presented.
It is observed that as the relative foundation-beam stiffness (k1) is
increased, there are signiﬁcant differences in the lift-off behaviour.
At the same time, the number of modes required for convergence
also increases with increasing k1. The response of the unilateral
case is compared to the bilateral and no-foundation cases at every
stage. It is observed that as the foundation stiffness is increased,
the deﬂections in the bilateral case tend to move towards the zero
load equilibrium, while that of the unilateral tend to get more po-
sitive due to the increased foundation reaction.
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Appendix A. Evaluating integrals in Eq. (8)
In this appendix, a sample calculation is shown to demonstrate
how convolution can be used to evaluate the integrals of the type
that appear in Eq. (8).
Consider a two mode approximation with one contact region,
similar to the one shown in Fig. 13 and denote the integral limits
in Eq. (8) by k10 (lift-off point) and 1 (end of the beam). For example,
just consider a two-mode solution in which terms like,
Q1 ¼ k3
Z 1
k10
T1 sin
p
2
ð1þ nÞ þ T2 sin 2p2 ð1þ nÞ
 3
sin
p
2
ð1þ nÞdn
ðA:1Þ
of Q vector and elements of the B and C matrices need to be eval-
uated. The integrand has to be expressed as a sum of sines and/or
cosines before the integration can be done. Here this exercise in
trigonometry/algebra is relatively simple. However, it would be
desirable to set a stage to incorporate an arbitrary number of modes
and be able to cope with multiple contact regions that change as the
estimates of Ti change in each iteration. A method has been devised
to deal automatically with an arbitrary number of modes and con-
tact regions.
The approach is illustrated here for the simple two-mode case
and the term Q1 given in Eq. (A.1):
1. The expression for wðnÞ is ﬁrst converted into a sum of complex
exponentials form and the coefﬁcients of the resulting expres-
sion are collected in a vector as shown below:wðnÞ ¼ T1 sinp2 ð1þ nÞ þ T2 sin
2p
2
ð1þ nÞ
¼  T2
2j
z2  T1
2j
z1 þ D0 þ T12j z
þ1 þ T2
2j
zþ2 ðA:2Þwhere, j ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; z ¼ expðjpn=2Þ and D0 ¼ wð0Þ ¼ T1. The coefﬁcient
vector, wcoef can now be written as,wcoef ¼  T22j  T12j D0 þ T12j þ T22j
h i
: ðA:3ÞIn general for an N-mode approximation, the coefﬁcient vectorwcoef
consists of 2N þ 1 elements from TN=2j to þTN=2j.
2. The coefﬁcients of the cubic, w3coef in the integrand of Eq. (A.1)
are same as the elements of the vector obtained by convolving
wcoef in Eq. (A.3) with itself and the result with wcoef , again:w3coef ¼ wcoef 	wcoef

  	wcoef : ðA:4ÞHere, 	 represents convolution. Consider the sequences y1½n of
length 2Y1 þ 1 (from Y1 to þY1) and y2½n of length 2Y2 þ 1 (from
U. Bhattiprolu et al. / International Journal of Solids and Structures 50 (2013) 2328–2339 2339Y2 to þY2). If these two sequences are combined by a linear con-
volution to obtain a third sequence y3½n, then y3½n is given by:y3½n ¼ y1½n 	 y2½n ¼
XnþY2
m¼Y1
y1½my2½nm; ðA:5Þwhere n ¼ ðY1 þ Y2Þ to ðY1 þ Y2Þ. Convolution of causal and acaus-
al ﬁnite sequences is widely used in discrete-time signal processing
(Oppenheim et al., 1999).
Note that the resulting vector of Eq. (A.4) has 7 elements. In general,
for an N-mode approximation, the vector w3coef has 6N þ 1 elements
indices ranging from 3N to 3N. The cubic term comes from a cubic
stiffness. For higher orders stiffnesses, e.g., Mth order, the result of
theM  1 convolutions would have 2MN þ 1 elements from MN to
MN.
3. The further product in the integrand appearing due to the pro-
jection onto the ﬁrst mode, can also be evaluated along similar
lines. If the resulting vector is called w3p1coef , superscript p1 indi-
cating the projection of the cubic on the 1st mode,w3p1coef ¼ w3coef 	  12j 0 þ 12j
h i
¼ w3coef 	 N1coef : ðA:6ÞN1coef represents the coefﬁcient vector formed from the ﬁrst mode
function. It must be noted that, in general, when the cubic is pro-
jected onto the sth mode of an N-mode approximation, Nscoef will
have 2sþ 1 elements from s to s (with the ﬁrst and last being
the only non-zero elements), and w3pscoef consists of 6N þ 2sþ 1 ele-
ments in total from 3N  s to 3N þ s. Also, forMth degree stiffness
polynomial, there are 2ðMN þ sÞ þ 1 elements from MN  s to
MN þ s.
4. Once the coefﬁcients of all the terms in the sum are calculated
as in steps (1)–(3), the integration is straightforward because
each term is an exponential. For e.g., the integral of the kth term
in the sum of Q1 in Eq. (A.1) can be evaluated as:w3pscoef ðkÞ
Z 1
k10
exp k
jpn
2
 
dn ¼ w3pscoef ðkÞ
exp k jpn2
 
k jp2

n¼1
n¼k10
: ðA:7ÞNote that, w3pscoef ðkÞ is the kth element of the coefﬁcient vector w3pscoef ,
and k ¼ 3N  s to 3N þ s. Q1 is thus the sum of such 6N þ 2sþ 1
integrals.
This algorithm for calculating the integrals, as opposed to deter-
mining the trigonometric functions and integrating, is very ﬂexible
and also results in considerable reduction in computational time.
For instance, a 20-mode approximation utilising this algorithm
takes less than 0.83% of the time taken otherwise, evaluating the
integrals conventionally.
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